Self-induced growth of nanowires is a fundamental phenomenon which is qualitatively different from the known growth mechanisms, such as the stress-driven formation of quantum dots or metal-catalyzed vapor-liquid-solid growth of nanowires. We present a scaling thermodynamic model that explains the self-induced nucleation of GaN nanowires by the anisotropy of surface energies coupled with the scaling growth anisotropy. The model shows why GaN tends to nucleate in the form of nanoislands rather than nanowires. It also elucidates the physical origin of the island-to-wire shape transformation at a certain critical radius. It is shown that the self-induced nanowire formation is sensitive to the sidewall surface energy that should be sufficiently low to favor growth anisotropy. The model is in a qualitative agreement with the experimental data and may be applied to other highly anisotropic growths driven by the surface energetics.
I. INTRODUCTION
Semiconductor nanowires (NWs) are promising building blocks of future nanoelectronic, 1 nanophotonic, 2 and nanosensing 3 devices. The self-induced NW formation is an attractive approach to ease their synthesis and improve functionality. In particular, the self-induced growth of GaN NWs on Si substrates has drawn much attention, since it provides a unique way for the monolithic integration of high-quality GaN nanostructures with a Si platform. [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] The self-induced approach is advantageous in many respects. First, it does not require advanced lithography or other sophisticated methods of substrate preparation. Second, self-induced NWs 20 do not suffer from several drawbacks of the vapor-liquid-solid (VLS) NWs, such as crystallographic polytypism [21] [22] [23] or Au contamination. 24 As NWs in general, self-induced GaN NWs enable a radical decrease of dislocation density induced by lattice mismatch. 13, 16, 25, 26 That is why the NW geometry is excellent for the formation of optical Ga(In)N/Al(Ga)N heterostructures. 1, 2, 25, 27 The controlled synthesis of selfinduced NWs requires, however, a deep understanding of their growth mechanisms, and the initial nucleation step in particular.
There have been a number of important investigations into the fundamentals of self-induced growth. Among these, we mention the studies of GaN NW nucleation on Si substrates, either covered with a crystalline AlN latticemismatched layer (hereafter referred to as LML) 13, 16, 18 or with a Si x N y amorphous interlayer (AL), 17, 19 the NW growth chronology, 13, 15 and the dependence of NW growth rate on different parameters. 7, 8, 15 Several theoretical approaches have been used to explain the experimentally observed phenomena. They consider, in particular, the strain-induced effects, 16, 26 the anisotropy of surface energies, 16, 17 and the NW growth models 7, 8, 15 developed earlier for the VLS NWs. 28 However, none of those approaches is capable of a complete description of the initial NW nucleation stage that should be driven by the energetic factors. In this paper, we try to fill the gap by presenting a quasiequilibrium scaling model qualitatively explaining some important experimentally observed facts. We use a thermodynamic approach [29] [30] [31] where the preferred growth configuration corresponds to the minimum formation enthalpy for different geometries. The model might also be useful for a better understanding of self-induced growth of other elongated structures (III-V and II-VI NWs, metal whiskers, etc.), as it reveals general conditions necessary to observe such a growth in a given material system.
Let us now summarize the most important points regarding the self-induced growth of GaN NWs on Si(111) by molecular beam epitaxy (MBE). First, no Ga droplet is detected at the NW top by electron microscopy imaging, 7, 8, 14, 16, 17 so the self-catalytic effect cannot explain their formation according to the VLS mode. Second, the self-induced approach commonly employs specific MBE growth conditions: A highly nitrogenrich vapor phase is required and often combined with a high substrate temperature. 8, 17, 32 Decreasing the nitrogen to gallium flux ratio often leads to a more pronounced radial growth. 8 Surface diffusion plays a crucial role in the NW elongation at the growth stage. 7, 15 Third, GaN never nucleates in the NW morphology. 4, 13, [16] [17] [18] [19] Rather, the nanostructures emerge as three-dimensional (3D) nanoislands having a fixed shape and a complex free surface composed of high-index atomic planes, which can be interpolated by a curved spherical cap (SC) surface. 17 In a LML case, 3D nanoislands undergo a series of shape transformations, whereby the misfit dislocations are developed at the interface prior to the NW formation. 16 After that, the full pyramid islands grow with a fixed aspect ratio before their transformation to NWs. It can therefore be concluded that NWs are relaxed from the very beginning. 13, 16 During growth on an AL (where the epitaxial constraint should be very weak) the SC islands transform directly to NWs. 17 This growth transformation occurs at a critical radius of about 5 nm. 17 Fourth, GaN NWs are hexahedral, restricted by six equivalent m-plane vertical sidewalls 7, 8, 17 that are the low-energy planes. Fifth, self-induced GaN NWs usually grow in both vertical and radial directions. 
II. SCALING GROWTH LAW
Based on the above observations, 3D nanoislands (e.g., the SC islands) grow at a fixed aspect ratio. In contrast, the aspect ratio of NWs should increase as they grow, otherwise they would not become NWs. This is the main idea of our approach. We will therefore distinguish between the two major modes of self-induced growth: (i) isotropic growth with a fixed shape, the case of quantum dots, 30, 31 nanoneedles, 33 and GaN 3D islands at the initial nucleation step; 16 and (ii) anisotropic growth with the aspect ratio increasing with time, the case of GaN NWs. 7, 15 The illustrations of the two growth modes, along with the data of Ref. 17 on the SC-to-NW shape transformation on an AL, are presented in Fig. 1 . GaN NWs described in Ref. 17 were obtained by plasma-assisted MBE on Si(111) substrates covered by a 2-nm-thick Si x N y AL. The substrate temperature was kept constant at 780
• C, the nominal nitrogen and gallium rates were fixed to 2.8 and 0.45Å/s, respectively, while the growth duration was varied.
In the foregoing analysis, we ignore the strain induced by the lattice mismatch, which is directly applicable on an AL. 17 While the energetically preferred island shape can drastically depend on the elastic relaxation and plastic deformation, 16, 26 our approach would also apply to the growth on a LML, because the strain is released prior to the NW formation 13, 16 and the elastically relaxed islands have a fixed pyramidal shape. 16 We consider the shape transformations due to the anisotropy of surface energies, 17 which must be the dominant driving force for any self-induced growth in the absence of lattice mismatch. We then couple this with the above-mentioned NW growth anisotropy in order to access different growth scenarios. Likewise in Refs. 29-31, our thermodynamic approach is based on the comparison of the formation enthalpies of a 3D island and a NW having the same volume under identical growth conditions. The driving force for the island-to-NW shape transformation is defined by the difference of the corresponding formation enthalpies. The kinetic volume term μV (where μ is the difference of chemical potentials in the metastable phase and in the solid state and V = const is the volume) should be identical in strain-free islands and NWs 26 and cancels in the driving force. It is therefore sufficient to consider only the surface and edge contributions (surface energy for brevity).
We now assume the scaling dependence of the NW height on its radius
where ν is a constant and α is the growth index. The case of α = 1 relates to an isotropic growth; the islands elongate with time at α > 1 (the NW case where the vertical growth is faster than the radial extension) and flatten at α < 1. Equation (1) expresses the evolution of a given NW and does not contradict the well-known relation h ∼ 1/r characteristic for the diffusion-induced growth, 7 which describes an ensemble of NWs at a given moment in time. By analyzing TEM and scanning electron microscopy (SEM) images of our NWs grown at typical MBE conditions with different growth durations, the length -radius dependence can thoroughly be deduced. 34 The NW length and radius were assessed among a population of more than 50 NWs, taking into account both the incubation and the transition time that are needed before the NW growth starts, and the coalescence effects at a later growth stage. As seen from Fig. 2 , the averaged h(r) curve remarkably follows the scaling Eq. (1) with α = 2.46 and ν = 0.14 in the particular MBE growth experiment.
III. MODEL
The volume of a 3D island growing in an isotropic mode is given by V isl = k V r 3 0 , where k V is a shape constant and r 0 is the base radius. In particular, obtains
The surface energy generated upon the formation of a 3D island can be generally put in the form
Here, γ n are the surface energies of planes terminating the island surface, γ i is the interfacial energy, γ S is the surface energy of the substrate, and ε isl is the specific edge energy of the island, 30 with k being the shape constants. For example, n k n γ n = 2πγ SC /(1 + cos θ ), k i = π , and k ε = 2π for the SC islands, in which γ SC is the corresponding surface energy. 17 The surface energy of a hexahedral NW of radius r and height h is given by
with γ SW as the sidewall surface energy, γ top as the surface energy of the top facet, and ε NW as the specific edge energy of the NW. Expressing r 0 through r in Eq. (3) by means of Eq. (2) and rearranging different terms, we arrive at
) is the normalized difference of surface energies. The superlinear NW growth is preferred at g α (r) < 0 and suppressed at g α (r) > 0. The coefficients are defined as follows:
where
The analysis of the driving force given by Eq. (5) , where x 1,2 are the positive roots of the cubic equation
The two roots exist provided that
This inequality should be treated as the necessary condition for any self-induced anisotropic growth driven by the surface energetics and starting from 3D islands. It is noteworthy that Eq. (9) is much more sensitive to the sidewall energy b than to the in-plane energy c. Graphs of the driving force for a hypothetical model system at α = 2.46, ν = 0.14, fixed c/b = 7, zero edge terms and different b are presented in Fig. 3 . The curves demonstrate a very strong dependence of the system performance on b. With the sidewall surface energy coefficient decreasing from 0.34 to 0.12, the energetically preferred NW region in r extends from zero to a wide range between ∼1 and ∼75 nm. The critical radius r 1 of the island-to-NW shape transformation decreases from 5 to 1 nm as the b α decreases from 0.273 to 0.12. It should be noted that the existence of the maximum dimension for the energetically preferred anisotropic growth is inevitable in our quasiequilibrium model, since the b term in Eq. (5) increases infinitely at large r for any α > 1. However, such transformations are most probably kinetically forbidden since they require a rearrangement of too many atoms. Also, sufficiently thick NWs may coalesce due to their high surface density, 16 which makes the second critical radius r 2 physically unreachable (at r 2 r 1 ). As discussed, the driving force given by Eq. (5) applies whenever the volume contribution into the formation enthalpy is identical for the islands and NWs, while the NW heightradius dependence is given by the scaling Eq. (1). The scaling index α as well as the surface energies defining the coefficients in Eq. (5) may depend on the growth kinetic effects. In this sense, our model treats the driving force for the energetically preferred NW formation in a particular growth experiment. A detailed study of NW growth kinetics enabling the determination of α at the given growth conditions is presented in Ref. 34 . We note, however, that the energetic tendency for the island-to-NW shape transformation will be preserved in a certain domain of radii for any α > 1 provided that the inequality (9) is satisfied, i.e., at a low enough surface energy of NW sidewalls. Indeed, the condition for the preferred anisotropic NW growth given by Eq. (9) does not depend on α at all, while its dependence on ν cancels in view of Eqs. (7). This feature is illustrated in Fig. 4 , where the driving force is plotted against the NW radius at fixed b = 0.21, c = 1.47, zero edge contributions, and different α. It is seen that the 165317-3 first critical radius does not change significantly, while the energetically preferred NW region extends drastically as the scaling index decreases from 3 to 2.
IV. RESULTS AND DISCUSSION
Let us now consider the parameters of GaN NWs on an AL corresponding to well-defined experimental growth conditions. 17 As shown in Fig. 1 , the island-to-NW transformation in this case typically occurs at r 0 = 5 nm, relating to the first critical radius of NW r 1 = 3.4 nm by Eq. (2). As for the surface energies, only the values of γ SW for the sidewall m planes of 118 meV/Å 2 (with neglect of surface reconstruction) 35 and γ S = 137 meV/Å 2 (Ref. 36) are known with reasonable accuracy. We therefore study the driving force given by Eqs. (5)- (7) within a plausible range of surface energies, sticking to the experimental scaling indices deduced from the data of Fig. 2 .
We first use the values given in Ref. 17 :
by the analogy with the Si/SiO 2 interface, and γ SC = 130-176 meV/Å 2 from the Young's equation. The surface energy of the NW top facet must be larger than γ SW , because the nucleation-mediated vertical growth (involving the formation of m-plane facets of a monolayer height) is faster than the radial one (involving the formation of c planes). We therefore use the value of γ top between 120 and 130 meV/Å 2 . With the experimental contact angle of the spherical cap islands θ = 42
• , 17 and the scaling parameters α = 2.46 and ν = 0.14 (also extracted from our MBE experiments), this yields the following average values of coefficients: A = 228, B = 99, C = 86, b = 0.43, and c = 0.38. The corresponding driving force with zero edge terms is shown in Fig. 5 (curve 1) . It is seen that the energetically preferred NW region is quite narrow, extending from 1 to 5 nm only. Curve 2 in Fig. 5 corresponds to the same surface energies with the edge contributions at d = 12 and e = 6. Inclusion of the edge terms corrects the critical radius r 1 of the shape transformation to the experimental value of 3.4 nm, but the NW region remains narrow. However, we definitely observe a thermodynamic tendency for the NW formation in the correct range of critical radii. Further, the value of interfacial energy γ i at 40 meV/Å 2 might be largely underestimated, because the GaN/Si x N y interface should be much more energetic than the Si/SiO 2 . This argument should hold since GaN and Si x N y materials form a heterogeneous interface, which is distinctly different from the Si/SiO 2 homogeneous interface. We therefore use the value of γ i = 150 meV/Å 2 as the upmost estimate. Since the dangling bonds of m-plane sidewalls can be passivated by N under nitrogen-rich conditions, we take the value of γ SW = 90 meV/Å 2 as the lowest estimate. The SC island surface is composed of high-index atomic planes of high surface energy, and many edges separating the planes, which may result in a much higher surface energy γ SC than that given in Ref. 17 . We thus use the value of γ SC = 200 meV/Å 2 as the upmost estimate. With this parameter set, the coefficients entering Eq. (5) are changed to A = 526, B = 76, C = 372, b = 0.144, and c = 0.71, the case relating to the widest range of energetically preferred GaN NW growth on an AL. The corresponding driving force at d = e = 0 is given by curve 3 in Fig. 5 . As in the previous case, the curve without the edge terms predicts a lower critical radius r 1 ( ∼ =1 nm), while the curve with the edge terms corrects it to the experimental value. This corresponds to curve 4 in Fig. 5 obtained with d = 14 and e = 4.5. While nothing can be said about the edge energy, it usually increases with the inclination angle of island facets. 30 In view of a small ν in Eq. (7) for E, the inequality d > e (obtained for both limit cases considered) seems reasonable. The edge terms are thus shown to be important at the beginning of growth, in particular, for the determination of the first critical radius. Otherwise, the two curves match at large r, showing that the second critical radius r 2 for the reverse transformation to an isotropic mode is determined entirely by the surface energies.
As mentioned already, the surface energies of GaN NW facets are sensitive to the vapor environment in a particular growth experiment, while the scaling index α may depend on the kinetic factors. The results shown in Figs. 4 and 5 demonstrate that the value of r 1 is not considerably affected by varying these values. This yields the island-to-NW shape transformation within a plausible range of parameters. We note, however, that the scaling growth law given by Eq. (1) with α > 1 is absolutely necessary to explain why GaN tends to nucleate in the form of Volmer-Weber islands rather than NWs at the beginning of growth, and undergoes the shape transformation only when the base dimension exceeds a certain critical value. Indeed, at α = 1 Eq. (5) with zero edge terms becomes radius independent, g 1 = b + c − 1, showing that, while one of isotropic geometries might be preferred to another, no critical radius for the shape transformation exists in the isotropic case. Hence, the anisotropy of surface energies must be coupled with the scaling growth anisotropy to observe the self-induced nucleation of NWs from preexisting islands, which is the main message of this work. On the other hand, changing the growth conditions strongly affects the r 2 value, however, the reverse transformation to an isotropic growth should be suppressed on kinetic grounds. It can therefore be said that the initial stage of NW nucleation is driven by the surface energetics in a wide range of deposition conditions, while the followup NW growth itself proceeds in the kinetically controlled mode.
To conclude, whenever the condition for the anisotropic growth given by Eq. (9) is fulfilled, the model predicts two distinct stages of system evolution for α > 1: (i) Nucleation and isotropic growth of islands at r < r 1 . Since g α (r) > 0 at small r, the nanostructures cannot nucleate as NWs. Rather, they emerge as nanoislands and then grow according to an isotropic mode. At a certain time, the base dimension hits the first critical radius at which g α becomes zero. This eventually leads to the development of straight NW sidewalls and starts the growth anisotropy. Since the shape transformation occurs almost instantaneously, the base dimension discontinuously decreases and the height discontinuously increases at the transition point. This can result in an overlap between SC and NW sizes for the critical radius as suggested by the experimental data in Ref. 17. (ii) Anisotropic NW growth is preferred between r 1 and r 2 , because the growth anisotropy decreases the surface energy at a given volume. The NW height increases faster than the radius as given by Eq. (1). Anisotropic elongation again becomes more energetically costly than isotropic growth at r = r 2 , since, at this time, the increase of sidewall surface area outweighs their low energy in the overall energy balance. However, kinetic limitations should prevent this second transformation, which, to the best of our knowledge, has not been observed experimentally.
We now plan to consider in more detail the nucleation barriers of differently shaped islands on a LML by taking into account the elastic relaxation and plastic deformation. 16, 26 We will study in more detail the kinetics of self-induced NW growth at different deposition conditions such as the temperature and Ga flux. In particular, it would be very important to identify the kinetic tuning knobs that can be used to tailor the properties of self-induced GaN NWs, for example, by changing the scaling growth indices.
